In the present study we consider chaotic dynamics of a system of two coupled ring waveguide structure with linear gain and nonlinear absorption. It can be implemented in various settings including microresonator nanostructures, polariton condensates, optical waveguides or atomic Bose-Einstein condensates of ultra-cold atoms packed into circular-shaped trap. From the theoretical point of view this system is attractive due to its modulational instability and rich structure, including period doubling bifurcations, eventually leading to chaotic regime. It is described by set of partial differential equations but we show that the so called Galerkin approximation can explain most of the system dynamics mapping the system behavior to the dynamics of few coupled oscillator modes.
cold atom physics. It was revealed about 20 years ago while considering wave mixing in atomic condensates [4] . For atomic condensate the loss may be due to interactions, strong loss is also present in Bose-Einstein condensate (BEC) of exciton polaritons in a semiconductor microcavity [5, 6] , which is a macroscopically populated coherent quantum state subject to concurrent pumping and decay.
Hence, the model that we propose to study here can be applied to both BECs of exciton polaritons and to optical nanostructures of coupled microresonators. One and the other belong to the rapidly developing fields of both theoretical and experimental physics, receiving lately a lot of attention. The former consists of bosonic quasiparticles that exist inside semiconductor microcavities, in the form of a superposition of an exciton and a cavity photon and exhibit a transition to quantum degeneracy akin to (BEC) [7, 8, 9, 10, 11] . The latter holds the possibility to create a new platform for biological sensing applications [12] . Optical microresonators were also investigated in the context of switches [13, 14] , lasers, [15, 16, 17] , temporal solitons [18, 19, 20, 21] , soliton frequency combs [22, 23, 24] , and even transition to chaos [25] .
In the following we shall consider a particular example of such a systema two coupled rings structure. This geometry has numerous interesting features from both, theoretical (periodic boundary conditions, indicating mode quantization) and experimental (easy fabrication in nano-structured systems, potential applications) perspectives.
The model is presented in Sec. 2. It was studied by some of us recently revealing rich dynamical behavior such as the spontaneous symmetry breaking, modulational instability or complex and persistent flow of currents between the rings [26, 27] . In the present work we concentrate on the route of chaos, which may be observed in this system as demonstrated numerically in Sec. 3. Previously we demonstrated the in the regime of regular motion the system is well described by an analytic few mode Galerkin approximation [28, 29] . Here we prove that this approach can also help us to understand the chaotic instability of the model.
The model
We consider two coupled rings structure. Apart from a cubic nonlinearity, we assume that the system is interacting with environment. This interaction is characterized by the presence of a linear gain and nonlinear losses. We adopt the mean field model [26] described by a pair of Gross-Pitaevskii equations (GPE) coupled by a linear homogeneous term, characterized by a constant coupling strength c
Here the term with γ is responsible for a linear gain, while that with Γ quantifies nonlinear losses (all parameters are assumed to be homogeneous across the whole structure). We choose the units in such a way that interactions within each condensate lead to a Kerr-like nonlinearity of unit strength. The assumed geometry implies that x ∈ 0, 2π) is an angular variable and periodic boundary conditions are applied, i.e. Ψ i (x, t) = Ψ i (x + 2π, t). Due to these boundary conditions the system reveals an apparent quantization with only discrete modes being allowed for the dynamics. Note that the same set of equations (1) describes a single ring with a spinor (spin=1/2) condensate with spin components coupled by c-proportional term, but also the exciton-polariton systems in the microcavities and even nanophotonic systems [30] . The system (1) appears also as a simplified model with quintic nonlinearity and diffusion introduced and studied numerically subject to zero boundary conditions in [31] . The system described by Eq. (1) reveals very rich dynamics [26] and is very sensitive to both the change of the initial conditions and the particular values of parameters, in particular to the value of the coupling between rings, c. One may find different (symmetric and antisymmetric) solutions of (1), as it is discussed at lengths in our previous study [26] . Interestingly stationary inhomogeneous states also exist -they manifest spontaneous translational symmetry breaking. Following [26] let us denote by κ the following integral
Due to ring quantization κ takes integer values only and will be referred to as a topological charge in the spirit of a vortex terminology. One can check that during the time evolution the topological charge does not have to be conserved, so it is relatively easy to observe stable vortices. Indeed our coupled system permits solutions of the form (out-of-phase)
which are stable for the whole range of parameters Γ, γ and c, in analogy with antisymmetric solutions. There exists also and in-phase solutions
All modes mentioned above are stable for specific ranges of parameters and in [26] we constructed a two dimensional map in γ/Γ and c to characterize the spectrum of stable solutions. In [26] we also discussed stability condition, applying linear stability analysis. In the present study we focus on possible instabilities describing in detail the "route to chaos" scenarios. The results are presented in the next section, followed by an approximate analysis based on the so-called Galerkin approximation.
Route to chaos
We consider the evolution described by Eq. (1) for given values of control parameters: the gain γ, the loss Γ and the coupling between rings, c. To address the issue of a transition from a regular to a chaotic behavior, we sample the dynamics, keeping the gain and loss parameters at constant values (Γ = 1 and γ = 1.75) and we compare the solutions for different values of the coupling c. In each case we start from the same kind of the initial conditions, slightly perturbed unstable, symmetric, stationary state
with upper and lower signs corresponding to the first and second ring, respectively. The small perturbation amplitude is equal to A k 0 = 10 −2 for all k. Notice that due to periodic boundary conditions we have a discrete spectrum of available spatial modes k. For a regular regime, a choice of A k 0 seems not important. We have checked that long time evolution is not affected by the choice of initial perturbation. As we shall see on the example below even a small modification of the initial conditions affects the long time solution obtained in the "chaotic" regime.
We have observed that asymptotically, for each set of control parameters, there is a clear behavior that can be classified within the limited set of categories: an antisymmetric state, a vortex state (as defined above), a limit cycle (with one or more frequencies), or finally, an irregular motion that reveals the features of the chaotic dynamics. In the previous study [26] we presented in a compact way the whole gallery of these states in some range of parameters. Here we focus on small range of states to show possible "routes to chaos".
Several observables may be defined to characterize our system, some of them quite complex. We shall look at one of the simplest choices. The quantity which is used by us to characterize different kinds of possible states is a total norm defined as
Such a defined norm is typically preserved in Hermitian systems. Our system is non-conservative and in general the total norm as well as the total energy, and even the topological charge are not necessarily conserved. Fig. 1 represents graphically typical situations found for a long time dynamics of the system. In the regular regime, say, at c = 1.72 to c = 1.73, we observe a stationary behavior with the norm constant in time. In this case it is an antisymmetric state. Increasing the coupling c we enter the regime of non-stationary states. For a relatively low coupling we first observe simple regular oscillations (cf. Fig 1a) .
To extract more information about the system in the non-stationary regime we generate, for particular (characteristic) points on the contour profile plot, a set of figures, including time evolution of the total norm, a spatial Fourier transform at the output of the time evolution, supplemented with a time delayed phase portrait. The latter is based on Takens-Mane (TM) theorem [32, 33] which allows us for a projection of the one-dimensional variable onto a multidimensional space (in our case 3D). The dynamics of a chaotic source takes place in some real space which is unavailable to our investigation. The total norm which is here the single observable reflects the one-dimensional projection of the true multi-dimensional evolution. To avoid any artificial crossings of the orbit (caused by the projection -not present in the real dynamics) the so called unfolding is applied according to the TM theorem. More independent variables than one are obtained by using a single scalar variable (in our case the total norm, defined at (6)) calculated at three different instants of time: t, t + T and t + 2T where T is a predefined delay of time. Its value has to correspond to the first minimum of average mutual information (cf. [34] ).
The phase portraits obtained in this way are presented in the middle column in Fig. 1 . Note that such an unfolding of a single quantity helps in recognizing the chaotic signatures of motion which are difficult to identify otherwise in the time dynamics. Periodic oscillations of the total norm from Fig. 1a are represented by the solid close circuit trajectory in Fig. 1b . To describe it quantitatively, the Fourier transform of the total norm with respect to time is added in the right panel of Fig. 1c . The spectrum contains a single frequency which corresponds to the period of the norm oscillations. This type of motion can be classified as a non-stationary regular motion with a single period. Upon increasing the coupling c, the dynamics of the system becomes more complicated. Oscillations remain regular but are no longer characterized by a single period. Properties of that case are leaked out in the middle row of Fig.1 (cf. Fig. 1d for the time evolution of the norm and the system trajectory in Fig. 1e ). That behavior is similar to the case presented in the top row but exhibits several oscillations with different periods and is quite typical for the transition towards a fully chaotic motion. Both cases presented in the top and the middle row belong to the class of limit cycles and the system goes from the single frequency behavior (top) to the multi-frequency case (according to the Fig.1f ) by the period doubling scenario.
Finally, there exist the limiting value of the coupling parameter where a transition into chaos appears. This is a point where a regular periodic motion transforms into an irregular one, as presented in Fig. 1g and the existence area of all possible states is limited in the phase space (as in Fig. 1h ). Multi-frequency state transforms into the one with a continuous Fourier spectrum as shown in Fig. 1i . The bounded region of dynamics in the phase space results from the volume contraction (typical in dissipative systems) and drives the system to a null-volume chaotic attractor. It is apparent in Fig.1h where phase points are irregularly distributed but the region of their existence is contained in the 2-dimensional manifold. The chaotic system is very sensitive to initial conditions as expected. Even a small perturbation will provide a completely different trajectory. The general conclusion that we derive from our necessarily limited studies is that the change of the long time (asymptotic) behavior is rather dramatic and sensitive to the values of parameters. A small change of the chosen control parameter c leads to the transition from a regular asymptotic state to a chaotic motion, via a process resembling a standard period doubling scenario, known from classical dynamics of simple low dimensional systems [38, 39] .
We demonstrate such a dramatic transition in Figure 2 revealing an interesting structure of frequencies in the limit cycle (LC) regime. We highlight the dominant peaks in the Fourier transform of the norm, Eq. (6), as the function of the coupling c. The analysis has been done for the range of coupling parameter c ∈ (1.73, 1.83] (here Γ = 1 and γ = 1.75). For the value of c below the lower bound the system admits regular solutions only. They can be antisymmetric or asymmetric with a constant homogeneous amplitude or even can be inhomogeneous with respect to the spatial coordinate x thus revealing translational symmetry breaking [26] . All these solutions are treated within this paper as regular fixed points which are sinks (attractors). We observe regular stationary solutions that are constant in time and the Fourier transform (FT) contains only one central peak with zero frequency. Then the first symmetry breaking occurs and FT shows single peaks corresponding to the limit cycle state with a single period. For a still bigger c there appears more and more frequencies still, however, still in the limit cycle regime. For c ≈ 1.76 there is the Hopf bifurcation where new stable set of frequencies appear at the expense of the former ones, which is no longer stable. For bigger values of the control parameter, closer to the chaotic regime we observe a typical period doubling scenario. At the bifurcation point each branch of the diagram become unstable yielding two or more new branches emerging from it. That is the sub-critical bifurcation (phase transition of the first kind), i.e. there is a hysteresis, but states from the backward going branches cannot be observed as unstable ones. For the value of c just above 1.8 we observe typical chaotic behavior. The spectrum of the frequencies is now smeared over wide region, ranging from zero up to about 4 (see also Fig. 4 ). Additionally one can distinguish a bright bands corresponding to leading frequencies. Hence there is still some regularity in the chaotic region! We see here certain similarity with the so called exploading solitons introduced by Akhmediev [35, 36, 37] .
Another interesting feature is that we observe in the chaotic regime a very thin stripe with no chaos. Moreover, for c values bigger than those presented in Fig.2 chaos suddenly disappears. such a behavior is referred to as a "crisis" and is a rather common property of chaotic systems. The points of transition from chaos to stable frequencies are typical saddle-node bifurcations, where single stable branches emerge simultaneously with the unstable ones (cf. chaotic scenarios in [38] ).
As a second case we have chosen a path in the different part of the parameter space, with fixed gain and loss amplitudes (Γ = 1 and γ = 2) and the coupling c within the range from c = 1.95 to c = 2. The result is shown in Figure 3 again as a plot of the Fourier transform of the total norm as given by Eq. (6) for asymptotic solutions corresponding to different fixed vales of c. Here we observe how the system is approaching chaotic regime, evolving from the regular solutions, for lower values of c and characterized by a constant norm, entering chaotic region via one subcritical bifurcation. On the other the boarder of chaotic regime, we observe again an inverse saddle-node bifurcation, exactly as in the previous case. To capture the essence of the transition from a regular behavior to the chaotic regime we apply the so called Galerkin approximation (GA) [26, 28, 29] . The idea is based on the observation that due to the periodic boundary conditions only certain k vectors participate in the dynamics. It turns out that full continuous dynamics can be well approximated and viewed as interaction of (small) number of modes, even in the chaotic regime. If we apply Fourier transformation in the spatial variables the wavefunction in each ring is then given as
where α = 1, 2 refers to a number of the ring. While in [26] these solutions were expressed in the stationary form with all amplitudes Bα,n independent of time, in general, they can be time dependent. By substituting (7) into (1) where l is a number of modes that we take into account. Again it turned out that when we restrict ourselves just to a few modes (in our case we have chosen modes up to l = 5), the Galerkin approximation gives an excellent agreement with the full system predictions. In particular when we compared the Fourier spectrum in the case of limit cycle, both single frequency and multi-frequency, calculated using results from Eq. (1) and using Galerkin approximation ( Figs.1c and 1f) we realized that they are practically indistinguishable. In the case of chaos the comparison is shown in Fig. 4 . But what we find the most promising and convincing happened when we put side by side figures presenting bifurcation diagrams (as shown here in Figs. 2 and 3 ) obtained from the data collected using both methods mentioned above, they were identical within our resolution. The difference is more pronounced when comparison between GA and numerics is done in the chaotic regime (see right panel in Fig.4 ), though it is only quantitative and is well understood. Both spectra plotted in the right panel of Fig.4 present qualitatively the same behavior, but can not be identical, due to critical sensitivity to the initial conditions in the chaotic regime. Notice that the main peaks obtained using both methods resemble each other and there are differences in the remaining part of the plot. But as we checked the same kind of "disagreement" is present when we compare two numerical simulations, obtained for slightly different initial perturbations, or more generally for slightly different initial conditions. From all above studies we conclude that GA shows practically the same dynamics as our original system, and all final, asymptotic states are identical in both cases. Thus we practically reduced our dynamical system of two one dimensional coupled rings to the system of coupled oscillators. Fig. 4 Fourier spectrum of the total norm with respect to time for chaotic behavior with c = 1.81 presented as comparison of two numerical simulations with different initial perturbation (left panel) as well as comparison of one numerical simulation with prediction from the Galerkin approximation (right plot).
Conclusions
The model of two coupled nonlinear Schrödinger equations with a linear gain and a nonlinear loss has been investigated. Such a system may physically correspond to models of microresonator nanostructures, polariton condensates or coupled optical waveguides. We consider in detail non-stationary oscillating states and a transition from regular solutions to chaotic ones caused by changing one control parameter. On the route to chaos regular non-stationary states (limit cycles) are observed, single and multi-frequency. As we sweep the value of the coupling from small to large values we encounter many bifurcation types like saddle-node bifurcation (also in the inverse realization), as well as period doubling and Hopf bifurcation. All our numerical results from the "full" model (using equations (1)) are quantitatively indistinguishable from that obtained using a few-modes model -the Galerkin Approximation. It allows to limit the number of degrees of freedom of the system to few most relevant ones and transforms the problem into a set of nonlinearly coupled modes. This reduction can be used to effectively investigate characteristics of the system, like chaos indicators, which will be a subject of our further studies.
